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Abstract
The theory of dynamic equations on time scales which was formulated by Hilger is an
area of mathematics which is currently receiving profuse attention. Despite the fact
that the basic objective of times scales is to bring together the study of diﬀerence and
diﬀerential equations, it also extends these classical cases to ‘in-between’. In the
present article we present a version of Feng Qi integral inequalities on time scales
which are in fact generalizations of results given in diﬀerent articles.
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1 Introduction
In the past few years, time scales calculus has fascinated scientists by virtue of its tremen-
dous application in many branches of sciences, e.g. population dynamics, ﬁnance, physics,
etc. [, ]. During the last decade, with the evolution of integral and diﬀerential equations
as in including diﬀerence equations, voluminous integral and diﬀerential inequalities have
been disclosed [–]. These handy discoveries concern a signiﬁcant part in the research
of boundedness, comprehensive existence, stability of solutions of integral and diﬀerential
equations, and likewise of diﬀerence equations. Subsequently, Hilger [] put forward the
time scales’ theory as a theory that combines diﬀerential and diﬀerence calculus in a so-
phisticatedmanner. Afterwards several researchers have talked about various facets of the
dynamic equations on time scales including various inequalities in detail [, ]. However,
the Feng Qi integral inequalities on time scales have been given limited attention.
In , Feng Qi explored some new types of integral inequalities and presented his
results through an analytic approach and mathematical induction. His work motivated
many researchers and a group of people at diﬀerent times continued the work of Feng Qi.
Mohamed Akkouchi, [] studied a general version of a problem posed by Feng Qi [] in
the context of a measured space equipped with a positive ﬁnite measure. Hong Yong []
in his short note introduced some parameters and imposed suﬃcient conditions so that
Qi type integral inequality holds.
Moreover, Kamel Brahim et al. [] introduced some Feng Qi type q-integral inequali-
ties, in quantum calculus.
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Motivated by the afore-mentioned discussion, the present article is concernedwith Feng
Qi integral inequalities on time scales. To the best of the authors’ knowledge, no contri-
bution is available in the literature about Feng Qi type integral inequalities on time scales.
2 Preliminaries
For the convenience of the reader, we provide some signiﬁcant and main characteristics
of time scale calculus, basic deﬁnitions, and results. By a time scale we understand any
non-empty and closed subset of real numbers with the ordering inherited from the set
of real numbers. Although [] and [] are good sources to study the basics of time scale
and quantum calculus, we just state some deﬁnitions, important results, and notations
necessary for our article. Throughout this paper we will denote a time scale by the symbol
T and we mean [a,b] ∩ T by [a,b]T, where [a,b] ⊂ R. From [], we have extracted some
deﬁnitions and results which are as follows.
Deﬁnition . For u ∈ T we deﬁne the forward jump operator σ : T→ T by
σ (u) := inf{v ∈ T : v > u}
and the backward jump operator ρ : T→ T is deﬁned by
ρ(u) := sup{v ∈ T : v < u}
while the graininess function μ : T→ [,∞) is deﬁned by
μ(u) := σ (u) – u
and ν : T→ [,∞) is deﬁned as
ν(u) := u – ρ(u).




T\(ρ(supT), supT) if supT <∞,




T\[infT,σ (infT)) if infT > –∞,
T if infT = –∞.
Proposition . Let φ : T→R be a continuous function.
(i) If σ (u) > u, then φ is -diﬀerentiable at u ∈ Tk with
φ(u) = φ(σ (u)) – φ(u)
μ(u) .
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(ii) If ρ(u) < t, then φ is ∇-diﬀerentiable at u ∈ Tk with
φ∇ (u) = φ(u) – φ(ρ(u))
ν(u) .
Proposition . Assume φ, f : T→R are -diﬀerentiable at u ∈ Tk . Then:
(i) The sum φ + f : T→R is -diﬀerentiable at u with
(φ + f )(u) = φ(u) + f (u).
(ii) For any constant c, cφ : T→R is -diﬀerentiable at u with
(cφ)(u) = cφ(u).
Proposition . Assume φ, f : T→R are ∇-diﬀerentiable at u ∈ Tk . Then:
(i) The sum φ + f : T→R is ∇-diﬀerentiable at u with
(φ + f )∇ (u) = φ∇ (u) + f ∇ (u).
(ii) For any constant c, cf : T→R is ∇-diﬀerentiable at u with
(cf )∇ (u) = cf ∇ (u).
Proposition . Assume that f : T→R is strictly increasing and T˜ := f (T) is a time scale.
Let φ : f (R)→R. If f  and φ˜ exist for t ∈ Tk then
(φ ◦ f ) = (φ˜ ◦ f )f .
Proposition . Every continuous function has an antiderivative. In particular if u ∈ T,




φ(θ )θ for u ∈ T
is an antiderivative of φ.
Proposition . Let u ∈ T, v ∈ R and φ : Tk → R be a continuous map. Then there
exists a unique pre-diﬀerentiable function ϕ satisfying
ϕ(u) = φ(u) for all u ∈D, φ(u) = v,
where D is the region of diﬀerentiation.
Proposition .
(i) Assume that φ : T→R is -diﬀerentiable on Tk . Then φ is ∇-diﬀerentiable at u and




for u ∈ Tk such that σ (ρ(u)) = u.
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(ii) Assume that φ : T→R is ∇-diﬀerentiable on Tk , then φ is -diﬀerentiable at u and




for u ∈ Tk such that ρ(σ (u)) = u.
In this article, we are interested in a discrete time scale and the most signiﬁcant dis-
crete time scales are those originating from arithmetic and geometric sequences of real
numbers, namely Tah := {a+ kh,k ∈ Z}, h > , and Taq := {aqk ,k ∈ Z} ∪ {}, q > . In [], the
two-parameter time scale Ta(q,h) is introduced which generalizes the time scales Tah and Taq .





aqk + [k]qh,k ∈ Z
} ∪ { h – q
}
, q ≥ ,h≥ ,q + h > ,
where [k]q = –q
k
–q .
SurelyTa(q,h) = Taq ,Ta(q,h) = Tah provided h =  and q = , respectively (we put h–q := –∞). It
can be noted that the time scaleTa(q,h) with a ∈R– can be considered quite analogously. For
the sake of deﬁniteness, we restrict our consideration to a > . Now, the (q,h)-derivative
of φ : Ta(q,h) →R is deﬁned at v by
(q,h)φ(v) =
φ(qv + h) – φ(v)
(q – )v + h
and
∇(q,h)φ(x) = φ(v) – φ(q
–(v – h))
q–((q – )v – h) .
Let v ∈ Ta(q,h) and let v > v, i.e. there exists n ∈ Z+ such that v = vqn +[n]qh, then we deﬁne













If we consider the time scale Ta(q,h) with v replaced by v, then the integration over [ h–q , t]















provided that the inﬁnite series converges. More generally, we can consider the nabla
(q,h)-integral with the lower limit h/( – q) replaced by a ∈ Ta(q,h), h/( – q) ≤ a < t. If
h/( – q) < a, then the inﬁnite series occurring in () is reduced to the corresponding ﬁ-
nite series. These deﬁnitions extend standard integral introductions: in particular, if h = ,
then () becomes the Jackson q-integral [].
This article has been organized into ﬁve sections. In the ﬁrst section we give an intro-
duction of the article, the second section contains preliminaries which will be used in the
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sequel, and the third section is reserved for results related to Fenq Qi type -integral in-
equalities deﬁned on a discrete time scale, which generalizes some results given in [] and
[]. In [] and [], there are given the q-analog and the h-analog, respectively, of some
Feng Qi inequalities given in [, ], and []; therefore, the fourth section will explore
the results related to Feng Qi type ∇-integral inequalities deﬁned on a discrete time scale.
The last section highlights the important results of present article.
3 Feng Qi type-integral inequalities
This section is devoted to the results related to Fenq Qi type -integral inequalities de-
ﬁned on discrete time scales, which generalize some results given in [] and [].
Lemma. Suppose p≥  and f is a non-negative andmonotonic function on [a,b]T.Then
pf p–(v)f (v)≤ (f p(v)) ≤ pf p–(σ (v))f (v).
Proof The deﬁnition of the -derivative may be quoted from [] in the following way:
(
f p(v)




∫ f (σ (v))
f (v)
up– du.








] ≤ ∫ f (σ (v))
f (v)
up– du≤ f p–(σ (v))[f (σ (v)) – f (v)],




) ≤ pf p–(σ (v)) f (σ (v)) – f (v)
μ(v) ,
pf p–(v)f (v)≤ (f p(v)) ≤ pf p–(σ (v))f (v). 
Remark . If we set σ (v) = qv + h in the preceding lemma deﬁned on Ta(q,h), then we get
the following result.
Suppose p≥  and f is a non-negative and monotonic function on [a,b]∩Ta(q,h). Then
pf p–(v)(q,h)f (v)≤ (q,h)f p(v)≤ pf p–(qv + h)(q,h)f (v).
Here, we observe that if we set q =  in this result, we get Lemma . of [] and if we set
h =  in this result, we get Lemma . of [].
Theorem . Let φ be a function deﬁned on [a,b]T such that φ(v)≥  and
φp–(v)φ(v)≥ σ(v)(p – )(σ (v) – a)p–φp–(σ (v))
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and by using Lemma ., we have




≥ φp(v) – (p – )f p–(σ (v))f (v)






where F(v) = φp–(v) – (p – )f p–(σ (v))≥ .




) – (p – )(f p–(σ (v)))
≥ (p – )φp–(v)φ(v) – (p – )(p – )f p–(σ (v))(f (σ (v)))

















φ(u)u≤ (σ (v) – a)φ(σ (v))
and therefore
F (v) ≥ (p – )
[
φp–(v)φ(v) – σ(v)(p – )
(










≥ (p – )[φp–(v)φ(v) – σ(v)(p – )(σ (v) – a)p–φp–(σ (v))] ≥ .
So, we conclude that the function F(v) increases on [a,b]T. Therefore, F(v) ≥ F(a) ≥ ,
which shows the non-negativity of F(v). Hence, we conclude that F is increasing and
F(v)≥ , so we obtain the required result. 
If we choose σ (v) = qv + h deﬁned on Ta(q,h) then we get the following corollary.
Corollary . Let φ be a function deﬁned on [a,b]∩Ta(q,h) such that φ(v)≥  and
φp–(v)(q,h)φ(v)≥ q(p – )
(
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Remark . Observation shows that Theorem  of [] is a special case of Corollary . if
we simply set q = . Further we note that our result is also a reﬁnement of Proposition .
of [], and if we set h =  in the above theorem then we get a more reﬁned result as
compared to Proposition . of [].
Theorem . If φ is a non-negative function deﬁned on [a,b]T such that φ(v)≥  and
φt(v)φ(v)≥ ασ
(v)(σ (v) – a)α–





for v ∈ [a,b]T and α ≥ , then
∫ b
a




















Using Lemma . shows

















where F(v) = φα+(v) – α+(b–a)α– f
α(σ (v)).










≥ (α + )φα(v)φ(v) – α(α + )(b – a)α– f
α–(σ (v))(f (σ (v)))
= (α + )
[
φα(v)φ(v) – α(b – a)α– f
α–(σ (v))φ(σ (v))σ(v)].
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φ(u)u≤ (σ (v) – a)φ(σ (v)).
And therefore,


























So, F(v) is an increasing function. Therefore, F(v) ≥ F(a) ≥ , which shows the non-
negativity of F(v). So, we conclude that F is increasing and in addition to F(v)≥ , hence
we get the required result. 
We end this section with a corollary and some remarks.
By setting σ (v) = qv + h deﬁned on Ta(q,h), then we get the following corollary.
Corollary . If φ is a non-negative function deﬁned on [a,b] ∩ Ta(q,h) such that φ(v) ≥ 
and
φα(v)(q,h)φ(v)≥ αq(q
v + []qh – a)α–





for v ∈ [a,b]T and α ≥ , then
∫ b
a






Remark . It is worth noting that Theorem  of [] becomes a special case of Corol-
lary . if we simply set q = . Furthermore, it can be noted that this result is a reﬁnement
of Proposition . of [] and if we set h =  in the above corollary then we get a more
reﬁned result than Proposition . of [].
4 Feng Qi type ∇-integral inequalities
In [] and [] there are given the q-analog and the h-analog, respectively, of some FengQi
∇-integral inequalities, which are given in [, ], and []. Hence, this part of the article
is concerned with the results related to Fenq Qi type ∇-integral inequalities deﬁned on a
discrete time scale.
Lemma . Suppose p≥  is a real number and f be a non-negative and monotonic func-





f ∇ (v)≤ (f p(v))∇ ≤ pf p–(v)f ∇ (v).
Proof The deﬁnition of the ∇-derivative may be quoted from [] in the following way:
(
f p(v)
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f (v) – f
(
ρ(v)
)] ≤ ∫ f (v)
f (ρ(v))














f ∇ (v)≤ (f p(v))∇ ≤ pf p–(v)f ∇ (v). 
Remark . If in the preceding lemma we set ρ(v) = q–(v – h) deﬁned on Ta(q,h), then we
obtain the following result.





)∇(q,h)f (v)≤ ∇(q,h)f p(v)≤ pf p–(v)∇(q,h)f (v).
Theorem. Suppose that φ is a function deﬁned on [a,b]T satisfying the condition φ(v)≥
 and
φ∇ (v)≥ (p – )(v – a)p–























Now by using Lemma ., we have




≥ φp(v) – (p – )gp–(v)f ∇ (v)
= φp(v) – (p – )f p–(v)φ(v)
= φ(v)F(v),
where F(v) = φp–(v) – (p – )f p–(v)≥ .




)∇ – (p – )(f p–(v))∇
≥ (p – )φp–(v)φ∇ (v) – (p – )(p – )f p–(v)f ∇ (v)
= (p – )φp–(v)φ∇ (v) – (p – )(p – )f p–(v)φ(v).
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φ(u)∇u≤ (v – a)φ(v)
and hence we get
F∇ (v) ≥ (p – )
[
φp–(v)φ∇ (v) – (p – )(v – a)p–φp–(v)f (v)
]
≥ (p – )φp–(v)[φ∇ (v) – (p – )(v – a)p–] ≥ .
So, F(v) is an increasing function. Therefore, F(v) ≥ F(a) ≥ , which shows the non-
negativity of F∇ (v). So, we conclude that F is increasing and F(v)≥ , hence the assertion
follows. 
If we choose ρ(v) = q–(v – h) deﬁned on Ta(q,h), then we get the following corollary.
Corollary . Suppose that φ be a function deﬁned on [a,b]∩Ta(q,h) satisﬁes the condition
φ(v)≥  and
φ∇(q,h) (v)≥ (p – )(v – a)p–









Theorem. Suppose that φ is a function deﬁned on [a,b]T satisfying the condition φ(v)≥
 and
φ∇ (v)≥ t
( v – a
b – a
)α–
for v ∈ [a,b]T and α ≥ , then
∫ b
a
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Now by using Lemma ., we have




≥ φα+(v) – α + (b – a)α– f
α(v)f ∇ (v)
= φα+(v) – α + (b – a)α– f
α(v)φ(v)
= φ(v)F(v),
where F(v) = φα+(v) – α+(b–a)α– f
α(v)≥ .








≥ (α + )φα(v)φ∇ (v) – α(α + )(b – a)α– f
α–(v)g∇ (v)
= (α + )φα(v)φ∇ (v) – α(α + )(b – a)α– f
α–(v)φ(v).




φ(u)∇u≤ (v – a)φ(v),
and hence we obtain
F∇ (v) ≥ (α + )
[
φα(v)φ∇ (v) – α(v – a)
α–
(b – a)α– φ
α–(v)φ(v)
]
≥ (α + )φt(v)
[
φ∇ (v) – α




Consequently, F(v) is an increasing function. Therefore, F(v) ≥ F(a) ≥ , which shows
the non-negativity of F∇ (v). It is also inferred that F is increasing and since F(v) ≥  we
get the required result. 
If we choose ρ(v) = q–(v – h) deﬁned on Ta(q,h) then we get the following corollary.
Corollary . Let φ be a function deﬁned on [a,b]∩Ta(q,h) such that φ(v)≥  and
φ∇(q,h) (v)≥ α
( v – a
b – a
)α–
for v ∈ [a,b]T and α ≥ . Then
∫ b
a
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5 Conclusion
The article is aimed to explore Feng Qi integral inequalities on time scales while consid-
ering - and ∇-integrals. The present article generalizes some results of various articles,
Lemma . of [, ] is a special case of Lemma .. Moreover, observations show that
Theorem  of [] is a special case of Corollary ., in addition to results of the present ar-
ticle there is a reﬁnement of Proposition . in []. It can also be noted that Corollary .
gives us Theorem  of [] as a particular case and reﬁnes Proposition . of [].
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